It is shown that the defect modes inside the zero-n gap can be sensitive to the incident angle, the same as those inside the Bragg gap. An expression of the dispersion of the defect modes (i.e., the incident angle dependence of defect modes) inside the Bragg gap or the zero-n gap of one-dimensional photonic crystals containing negative-index materials is derived. It is found from the expression that the dispersion of the defect mode approaches zero when the phase change on reflection from periodic stacks of the photonic crystals can cancel out the change of the optical phase thickness of the defect layer. However, if they cannot cancel each other out, the dispersion will be of either the positive or the negative type. Practical designs for omnidirectional defect modes are given according to the conditions of the near-zero dispersion. In addition, a narrow frequency and sharp angular defect mode are designed by combining two photonic crystals with defect modes of the positive and the negative types of dispersion, respectively.
INTRODUCTION
Since the initial prediction by Yablonovitch 1 and John, 2 photonic crystals (PCs) have attracted a great deal of interest for their unique electromagnetic properties and potential applications in optoelectronics and optical communications. 3, 4 One-dimensional (ID) PCs with defect layers have been used as filters, including single-channel filters and multiple-channel filters. 5, 6 However, for conventional filters consisting of positive-index materials (PIMs), the frequencies of transmission peak will blueshift as the incident angle increases. This makes these filters inefficient in situations of multidirectional incidence. Recently, negative-refractive-index materials (NIMs) with both negative permittivity and negative permeability, which were first suggested theoretically by Veselago, 7 have been realized. [8] [9] [10] It is then demonstrated that PCs, which are composed of alternating layers of PIMs and NIMs, have a new type of photonic bandgap (denoted as zero-n gap) with weak dependence on the incident angle. 11 This new type of gap arises when the volumeaveraged effective refractive index ͑n ͒ equals zero. A PIM impurity was also introduced in this zero-n gap, 12 in which the defect mode is insensitive to the incident angle and polarization. However, the frequency shifts of the defect modes inside the zero-n gap as the incident angle changes should not be ignored when compared with the low frequencies of the defect modes. It is necessary to propose a theory to predict the angle dependence of the defect modes inside the photonic bandgaps that include the zero-n gap and the Bragg gap, and to predict whether the phenomenon of the near-zero dispersion exists. From this theory, defect modes with important properties, such as omnidirectional defect modes and narrow-frequency sharp angular defect modes can be designed. 13 In this paper, we show that the angle dependence of defect modes inside the zero-n gap can be as strong as that of defect modes inside the Bragg gap. Next, we derive a simple expression to predict the dispersion of the defect modes inside the Bragg gap or the zero-n gap by using the defect-mode resonant condition of several 1D defective PC structures with periodic quarter-wave stacks consisting of PIMs and NIMs alternately or solely by either PIMs or NTMs. From the expression, the conditions of the nearzero dispersion are obtained. Based on these theoretical results, practical designs for omnidirectional defect modes and for narrow-frequency sharp angular defect modes are presented.
ANGLE DEPENDENCE OF THE DEFECT MODES INSIDE THE ZERO-n GAP
We first choose a 1D PC stacked with alternate PIMs and NIMs. The corresponding refractive index and the wave impedance are given by n i = ± ͱ i i and Z i = ͱ i / i = i / n i , i = P , N (negative sign for NIM), where i and i are the permittivity and permeability of the layer, respectively. Suppose the thickness of a layer of PIM (NIM) is d P ͑d N ͒ and the number of unit cells is 16. Here we choose n P =2, d p = 12 mm, d N = 6 mm, N ͑͒ = 1.21-100/ ͑2͒ 2 , and N ͑͒ = 1.0-100/ ͑2͒ 2 , where is the frequency measured in gigahertz. Then suppose a defect layer, with refractive index n D = 2 and thickness d D = 90 mm, is inserted into the middle of the PC.
The transmission spectra of the PC at the incident angles e = 0°and e = 30°for different polarizations is shown in Fig. 1 . The average refractive index n = ͑1/a͒͐ 0 a n͑x͒dx (a is the lattice constant) of the system is 0 at 0.70 GHz, and a zero-n gap is open at that frequency.
Another gap appears at about 5 GHz, which originates from Bragg scattering. It can be seen from Fig. 1 that, when the incident angle increases from 0°to 30°, the defect mode inside the zero-n gap remains nearly invariant and the defect modes inside the Bragg gap change quickly. However, when compared with the frequencies of the defect modes, it is found that the frequency shifts of the defect mode inside the zero-n gap should not be ignored. Figure 2 gives the dependence of the defect modes inside the zero-n gap and the Bragg gap on the incident angle for TE and TM polarizations. Here, we use a normalized frequency shift ⌬ / normal to denote the change of the defect modes, where ⌬ = − normal ; normal is the frequency of the defect mode at normal incidence. As shown in Fig. 2 , ⌬ / normal of the defect mode inside the zero-n gap achieves almost 10 −1 and is not much smaller than that of defect modes inside the Bragg gap. It can be expected that the frequency shift will increase as the defect mode shifts to a higher frequency, and that the defect modes inside the zero-n gap will then be as sensitive to the incident angle as those inside the Bragg gap. Consequently, for designing omnidirectional defect modes, it is necessary to derive the theory for predicting the conditions of the near-zero dispersion of the defect modes inside the zero-n gap or Bragg gap.
RESONANT CONDITIONS OF THE DEFECT MODES FOR 1D DEFECTIVE PCs CONTAINING NIMs
For convenience, the permittivity and permeability of NIMs are assumed to be constant in the following derivation in this section and in Section 4. Consider 1D PCs consisting of periodic quarter-wave reflective stacks with alternating layers of PIMs and NIMs in contrast to those with only PIMs or NIMs. We assume each layer is of the same quarter-wave optical thickness 0 / 4. Then a defect layer is introduced to compose defective PCs. The optical thickness of the defect layers is a half-wave 0 /2.
As discussed by Pidgeon and Smith, 14 a defective PC may be completely described by the defect layers and two effective interfaces N 1 and N 2 . We consider N 1 as the interface with the layers to the left of the PC, and N 2 as the interface with the layers to the right of the PC. Then the properties of the PC may be deduced by summing the reflected beams between N 1 and N 2 , and the transmittance of the PC is given by
where T 1 , T 2 , R 1 , and R 2 are the transmittance and reflectance from interfaces N 1 and N 2 , respectively, at frequency , and ␦ is the phase change between the forward and backward waves in the defect layer. The transmittance peaks of the defect modes appear when the resonant condition
is satisfied. Here m is an integer, 1 and 2 are the phase changes on reflection from interfaces N 1 and N 2 respectively, and D is the refractive angle in the defect layer. As waves are incident upon N 1 or N 2 from the defect layer, minus signs are applied to the first two terms in Eq. (2) 15 when the adjacent layers of the defect are PIMs, and the forms of PCs are ͑NP͒ s 2D͑PN͒ s and ͑P , P 2 ͒ s 2D͑P 2 P 1 ͒ s , whereas plus signs are applied when the adjacent layers 
CONDITIONS OF THE NEAR-ZERO DISPERSION OF THE DEFECT MODES
Next we deduce the phase change from these quarterwave multilayers. The matrix of a quarter-wave layer without absorption, at oblique incidence for small e , can be simplified 14 as
where G i = ͑1/4͓͒͑sin e ͒ / n i ͔ 2 ; j / Z i is positive for i = P and negative for i = N. The product of the impedance matrices of individual layers may be represented:
ͬ .
͑4͒
With the simplified form Eq. (3) and omitting higherorder terms in G i , suppose an incident wave goes from the defect layer upon the eight types of PC stacks listed in Table 1 , then M can be evaluated (also listed in Table 1 ), 
is used (the layer with Z i
H is of higher wave impedance than that with Z i L ). 14, 16 Hence the phase change attains the limiting value in the case of the incident angle scanning from 0°to e , expressed as
where k and J are parameters describing the phase change, 0 is the frequency of the defect mode for normal incidence, and ⌬ is the frequency shift. Thus ⌬ is proportional to both ⌬ and sin 2 e . For situation I where the incident wave goes from the defect layer to the adjacent layer with Z i H ,
For situation II where the incident wave goes to the adjacent layer with Z i L ,
where g equals +1 or −1, corresponding to a PIM defect or a NIM defect, respectively. By combining product M in Table 1 with Eqs. (6) and (8), we get the expressions of parameter J listed in the fourth column of Table 1 . Substituting Eq. (5) into Eq. (2) and assuming that e is small, one has
⌬␦͑, e ͒ = ␦͑, e ͒ − ␦͑ 0 ,0͒ = ± 2͓͑, e ͒ − ͑ 0 ,0͔͒ + 2g͑cos − 1͒
where j = I , II. For the mth order of defect mode, ␦͑ , e ͒ = ␦͑ 0 ,0͒ =2m, Eq. (10) can be written as
The first term on the right-hand side of Eq. (11) is the phase change on reflection attributed to the incident angle, and the second term is the change of the optical thickness of the defect layer attributed to the incident angle. When the phase change on reflection can cancel out the change of the optical phase thickness of the defect layer, i.e.,
one can obtain ⌬ = 0, and the near-zero dispersion emerges. So Eq. (12) gives the conditions of the near-zero dispersion.
DESIGN OF OMNIDIRECTIONAL DEFECT MODES
It is known that the frequencies of the transmission peak of conventional thin-film filters are relevant to the incident angle and polarization of the incident light. Therefore they are usually used under the limit of normal incidence. The phenomenon of the near-zero dispersion is helpful for designing filters that could overcome the angular effects. It is noted that all NIMs that have been made are dispersive, so in the following designs we suppose again that the effective permittivity and permeability in the NIM are N ͑͒ = 1.21-100/ ͑2͒ 2 and N ͑͒ = 1.0-100/ ͑2͒ 2 , where is the frequency measured in gigahertz. The theoretical results in Sections 3 and 4 are also suitable for dispersive NIMs.
Take ͑NP͒ s 2D͑PN͒ s , for example. Let the incident light go from the defect layer to a layer with Z i L = Z P Ͻ Z N ; then it can be obtained from Table 1 that
and Eq. (12) can be solved:
Here we choose n P =3, P = 1, and 0 = 0.985 GHz, [17] [18] [19] of the considered system are shown in Fig. 3(a) . The gray areas represent the regions of propagating states, whereas the white areas represent regions containing evanescent states. The circles represent the defect modes.For another example ͑P 1 P 2 ͒ s 2D͑P 2 P 1 ͒ s , the incident light goes from the defect layer to a layer with Z i H = Z P 2 Ͼ Z P 1 ; then it can be obtained from Table 1 that
Here we choose n P 1 =3, P 1 =1, n P 2 = 1.5, and P 2 = 1, and it can be obtained from Eq. (14) that 0 = 0.821 GHz and n D ͑ 0 ͒ = −2.65.
The projected band structures of the considered system are shown in Fig. 3(b) . As shown in Fig. 3 , the frequencies of the transmission peak of the defect modes are almost independent of the incident angle when the conditions of the near-zero dispersion of Eq. (12) are satisfied.
It is also noted from Eq. (11) that, when the refractive index of the defect layer deviates from that satisfying the condition of the near-zero dispersion, the angle dependence of the defect mode will then be stronger. Therefore it is interesting to investigate the variation of the dispersion of the defect mode as a function of the refractive index of the defect layer. As an example, we investigate the dependence of the defect modes of the defective PC in Fig.  3(a) on the incident angle for TE and TM polarizations. The normalized frequency shift of the defect modes are shown in Fig. 4 , where only the refractive index of the defect layer changes, whereas the optical thickness of the defect layer remains unchanged. As shown in Fig. 4 , the dispersion relations of the defect modes change from positive to near-zero then to negative types as n D changes from 2 to 4.65 and onward to 5. Liang 13 et al. proposed a photonic heterostructure with a narrow frequency and sharp angular defect mode. The key to obtaining such a structure is to design the two sub-PCs to make the frequencies of their defect modes the same at a certain angle and the dispersion of those different. Here, as the defect modes possess both positive and negative types of dispersion in the considered structure, it is easy to design the narrow-frequency sharp angular filter by simply combining two PC structures of the same background with different defect layers. A practical design is given in Fig. 5 with a form of P͑NP͒ 4 2D 1 ͑PN͒ 4 PNP͑NP͒ 4 2D 2 ͑PN͒ 4 P, where n D 1 =2, n D 2 = 5, and the other parameters are the same as those in Fig. 3(a) . It is found from Fig. 5 that only light within the narrow pass band ͑1 ± 0.0001 0 ͒ and the 
2 , 0 = 0.821 GHz, d P 1 = 61 mm, d P 2 = 30.5 mm, and d D = 69 mm. Here the number s is assumed to be infinite. Parameters in both (a) and (b) satisfy the near-zero dispersion condition, hence the frequency of the transmission peak of the defect mode is almost independent of the incident angle. Fig. 4 . Dependence of the defect modes in structure of ͑NP͒ 4 2D͑PN͒ 4 on the incident angle for different polarizations. The triangles, circles, and squares represent the defect modes corresponding to the defect layers with n D = 2, 4.65, and 5, respectively. The other parameters are the same as those in Fig. 3(a) . Here 0 = 0.985 GHz. sharp breadth of the incident angle ͑0°±2°͒ is allowed to be transmitted.
CONCLUSION
In this paper, we demonstrated that the defect modes inside the zero-n gap may depend strongly on the incident angle. As a follow up, we derive a simple expression to predict the dispersion properties of the defect modes inside the Bragg gap or the zero-n gap of 1D defective PC with periodic quarter-wave stacks consisting alternately of NIM and PIM, or solely by either NIMs or PIMs. From the expression, it can be obtained that, when the phase change on reflection from periodic stacks of the photonic crystals can cancel out the change of the optical phase thickness of the defect layer, the near-zero dispersion of the defect mode appears; otherwise, if they fail to cancel each other out, the dispersion will be of either the positive or the negative type. Thereafter, the transmission spectra and the dispersion relation diagrams of such photonic crystals are presented, and the simulated results agree with the theoretical prediction. Based on the conditions of the near-zero dispersion, practical designs for omnidirectional defect modes are given. In addition, a photonic heterostructure with narrow frequency and sharp angular defect mode is achieved by combining two 1D defective photonic crystals of the positive and the negative types of dispersion, respectively.
